According to the classical Erdős-Szekeres theorem, every sufficiently large set of points in general position in the plane contains a large subset in convex position. Parallel to the Erdős-Hajnal problem in graph-Ramsey theory, we investigate how large such subsets must a configuration contain if it does not have any sub-configuration belonging to a fixed order type.
Introduction
The classical Erdős-Szekeres theorem [6] states that for every integer n 3 there is an N 0 such that, among any set of N N 0 points, in general position in the plane, there is the vertex set of a convex n-gon. Let F (n) denote the smallest such number. Reversing the question one may ask, for any N 3, for the largest number f (N) such that any set of N points, in general position in the plane, contains the vertex set of a convex f (N)-gon. [6, 7] ).
Theorem 1 (Erdős and Szekeres
E-mail addresses: karolyi@cs.elte.hu (Gy. Károlyi), solymosi@math.ubc.ca (J. Solymosi). 1 Visiting the Rényi Institute of the Hungarian Academy of Sciences. Putting it differently, f (n) = (log n). The best known upper bound is due to Tóth and Valtr [14] . Moreover, the lower bound is believed to be sharp: [6] ). For every integer n 3, F (n) = 2 n−2 + 1.
Conjecture 2 (Erdős and Szekeres
The relation between the Erdős-Szekeres problem and Ramsey's theorem is widely explored in e.g. [12] . From the viewpoint of Ramsey theory, the vertex set of a convex polygon (which we will simply refer to as a convex polygon) can be regarded as a homogeneous subset of the underlying set. Theorem 1 claims that no sufficiently large set can avoid 'large' homogeneous subsets. In classical graph-Ramsey theory, homogeneous subsets of the vertex set of a graph are those sets, which induce either complete or empty subgraphs, that is, cliques and independent sets. According to a conjecture of Erdős and Hajnal [5] , for each graph H there is a positive constant ε = ε(H ) such that every graph on n vertices, which does not contain H as an induced subgraph, contains a large homogeneous set whose size is at least n ε . This conjecture is verified only for certain classes of graphs (see [1, 5, 8] ), and such graphs are said to possess the Erdős-Hajnal property. An equivalent formulation for tournaments is due to Alon, Pach and Solymosi [1] ; here homogeneous sets correspond to transitive tournaments. In the present paper we extend these notions in the context of the Erdős-Szekeres problem.
Throughout this paper we will always assume that every point set is in general position in the plane, that is, no three points of the configuration are collinear. Two such configurations are said to be of the same order type, if there is a one-to-one correspondence between them which preserves the orientation of each triple. Thus, order types are equivalence classes of configurations. We will say that the configuration P contains the order type T if there is a subset of P which belongs to T . Ramsey theoretic aspects of order types have been studied by Nešetřil and Valtr in [13] . Order types play an important role in canonical versions of Theorem 1. A connection was first established via the so called 'same type lemma' by Bárány and Valtr [3] , see also [2] for a survey. Now let T be a fixed order type which is not in convex position, or more generally, let T be an arbitrary family of such order types. Define, for n 3, F T (n) as the smallest integer N 0 such that in any set of N N 0 points, in general position in the plane, not containing T , there is the vertex set of a convex n-gon. Similarly, for any N 3, let f T (N ) denote the largest number such that any set of N points in general position in the plane, which does not contain T , contains the vertex set of a convex f T (N )-gon. It is immediate from Theorem 1 that these functions exist and F T (n) F (n) and f T (N ) f (N). Note that both F T and f T are monotone increasing functions.
We say that T has the Erdős-Hajnal property if there exist positive constants ε, K, depending only on T , such that F T (n) < n K , or f T (N) > N ε . If in addition there exist positive constants c 1 , c 2 such that F T (n) < c 1 n, or f T (N) > c 2 N , then we say that T possesses the strong Erdős-Hajnal property. The aim of this paper is to initiate a study of which order types admit the Erdős-Hajnal property in the strong, or at least in the weaker sense, and to see if every order type has this property, a question also raised by Gil Kalai [9] . As it turns out, the answer in negative: F T (n) may be exponentially large. But let us start with a few particular examples that possess the Erdős-Hajnal property. First we investigate order types whose convex hull is a triangle. Let k 3 and Fig. 1 . We assume that a, b k , b 1 are in clockwise order.
Then E belongs to a unique order type that we denote by E k . If, for example,
Theorem 3. Let T be any order type whose convex hull is a triangle. T has the strong Erdős-Hajnal property if and only if
We will prove this result in Section 2. In fact we will show that
holds for every order type T that does not satisfy the condition in the above theorem, see Theorem 6.
Next we consider a more general class of order types that we call half-moons, or crescents. 
Then F belongs to a unique order type that we denote by F k, . Thus, F 3, = E . In Section 3 we will prove the following result.
Theorem 4. Every order type F k, (k, 3) has the Erdős-Hajnal property.
There are, however, order types which do not have the Erdős-Hajnal property. The following result indicates that the analogue of the Erdős-Hajnal conjecture fails for order types in general. In fact, if Conjecture 2 is true, then F T = F and f T = f for the configuration T in the following theorem that we will prove in Section 4.
Theorem 5. There is an order type
More precisely, for every integer n 4 there is a configuration of 2 n−2 points in general position in the plane which contains neither T nor a convex n-gon. 
Order types with the strong Erdős-Hajnal property
Proof of Theorem 3. To see the 'if' part of the theorem, let T = E k , k 3. We prove that F T (n) c(T )n with c(T ) = 4 3k−7 . To this end, let P be any set of at least 4 3k−7 n points in general position in the plane. If the convex hull of P has at least n vertices, then P contains a convex n-gon. Otherwise, triangulating the convex polygon that bounds conv(P ), we find a, b, c ∈ P such that abc contains at least 4 3k−7 points in its interior. In view of Theorem 1, this triangle also contains a convex 3k − 5-gon C in its interior. Note that each side of this polygon is then visible from one vertex of triangle abc. Consequently, there is a vertex, say a, from where (at least) k − 1 consecutive sides of C are visible. If z 1 , z 2 , . . . , z k denote the endpoints of these sides in order, then {a,
The 'only if' part of the theorem follows from a more general result. First we need a definition. Let m 1, k i 2 and i 3 (1 i m) be integers with the additional restriction that k 1 
is a convex k 1 + k 2 + · · · + k m -gon whose vertices are listed in clockwise order, and for each 1 j m, Proof. Consider any set P of 2n 2 points that belong to the order type G 2,2n;2,2n;...;2,2n . That is,
It follows from the above remark that no sub-configuration of P is of type T . On the other hand, |C| 2n for every subset C of P , which is in convex position. It is obviously true if |C ∩ {b j }, which again proves our assertion.
Forbidden crescents: the Erdős-Hajnal property
Before turning to the actual proof, we recall the following result of Károlyi and Tóth. For integers n t 3, denote by f (t, n) the smallest integer such that among any set of at least this many points, in general position in the plane, there is always a subset of n points whose convex hull has at least t vertices.
Theorem 7 (Károlyi and Tóth [10]). If n t 3 are arbitrary integers, then f (t, n)
2tn + 2 8t .
Proof of Theorem 4.
In view of Theorem 3 it is enough to focus on the case k 4.
Consider any set P of N N 0 points, in general position in the plane. We assume that N 0 = N 0 (k, ) is large enough so that all the estimates that are to follow will be valid. Apply Theorem 7 with t = 2k − 5 3. It follows that there is a set
points whose convex hull has at least 2k − 5 vertices. Put
Suppose that the convex hull of P 1 has less than N vertices. Triangulate this polygon from one of its vertices, and look at all possible t-gons obtained as the union of t − 2 consecutive triangles. This way we find 2k − 5 vertices of conv(P 1 ) whose convex hull has at least
points of P 1 in its interior. Fix such a convex (2k − 5)-gon C, and list its sides as s 1 , s 2 , . . . , s t . Let P 2 = {c 1 , c 2 , . . . , c L } be the set of points of P inside C, then L N 1−2 . For each pair of indices 1 i < j t, define a partial order ≺ ij on the set P 2 as follows. For p, q ∈ P 2 , let p ≺ ij q if and only if the ray pq intersects side s j and the ray qp intersects side s i . It is easy to check that the relation ≺ ij is transitive, see Fig. 4 .
Since any two points of P 2 are related by exactly one of these t 2 relations, a repeated application of Dilworth's theorem [4] gives that there is a subset P 3 ⊂ P 2 of size
which is linearly ordered with respect to some ≺ ij . Note that there exists a set of k − 4 consecutive vertices of C such that no endpoint to either side s i or side s j belongs to this set. That is, we find k points a , a 2 , a 3 , . . . , a k−1 , a of P such that a a 2 a 3 a convex k-gon, with vertices written in the clockwise order, and each line that connects some two points of P 3 intersects the segments a a 2 and a k−1 a . Consider a Cartesian system aligned such a way that its horizontal axis intersects the segments a a 2 and a k−1 a , the points of P 3 lie in the upper half plane, and no two points of P 3 have the same first coordinate. Order the points of P 3 as p 1 < p 2 < · · · < p K , according to the order of their first coordinates. We say that p i 1 
it follows from a well-known result of Erdős and Szekeres [6] that either P 3 contains an N -cup, or it contains an -cap a 1 < b 2 < · · · < b −1 < a k . In the first case P contains N points in convex position, a conclusion we also get if conv(P 1 ) has at least N vertices. In the second case the configuration a 1 , a 2 , . . . , a k , b 2 
In summary, if N is large enough and P does not contain the order type F k, , then P contains the vertex set of a convex polygon with at least N vertices. This completes the proof of Theorem 4.
A counterexample
The proof of Theorem 5 depends on well-known constructions of Erdős and Szekeres [6, 7] and a result of Nešetřil and Valtr [13] . We will only use the following weaker version of the latter. Let (p, q) denote the distance between points p and q. [13] ). There exists an order type T in general position in the plane such that, if a configuration R belongs to T , then there are points p, q, r, s ∈ R, r = s, satisfying
Lemma 8 (Nešetřil and Valtr
In addition, we will need the following notion. For any finite set of points A we write min (A) and max (A) for the minimum and the maximum distance occurring between two points of A. We say that A is stretched if either |A| = 1 (in which case we say it is trivial), or min (A) = 1 and for any two points x, y ∈ A there is a nonnegative integer i such that 12 i (x, y) < (3/2)12 i . Note that any translate of a stretched set is also stretched.
Lemma 9. Let A, B be finite stretched point sets in the plane, not both trivial, and suppose that there exist nonnegative integers s < t such that max (A), max (B) < (3/2)12 s and
12 t min (A, B) = min{ (a, b) | a ∈ A, b ∈ B} (5/4)12 t . Then A ∪ B is also stretched.
Proof. It is immediate that min
which proves the assertion.
Proof of Theorem 5. Let T be the order type in Lemma 8. The key of the proof is that no stretched set can contain T . Indeed, if p, q, r, s are points of a stretched set, r = s, then either (p, q) < (3/2) (r, s) or (p, q) > 8 (r, s). Thus, it is enough to construct a stretched set of 2 n−2 points which does not contain a convex n-gon. First we introduce a 'stretched' version of a construction in [6, 11] . Fix a Cartesian system, and consider a set A = {p 1 (x 1 , y 1 ), p 2 (x 2 , y 2 ), . . . , p m (x m , y m )}, where x 1 < x 2 < · · · < x m . If y 1 < y 2 < · · · < y m , then we say that A is increasing, and write
for the maximum value of the tangent of the lines p i p j . We say that p 1 is the first point of A, and similarly, p m is its last point. We also define (A), the logarithmic diameter of A, as the smallest nonnegative integer satisfying max (A) < 12 . In particular, if A is stretched, then clearly max (A) < (1/8)12 (A) . 
It is also stretched, by Lemma 9. That S ij does not contain either an i-cup or a j -cap follows from the argument of Erdős and Szekeres [6] , see also [11] .
To complete the proof of Theorem 5, we apply this construction to get a stretched version of the point set which yields the lower bound in the Erdős-Szekeres theorem. Draw first a circle C of radius R = 12 n , centered at the origin. Starting at the point p 0 (R, 0), select, in counter-clockwise order, points p 0 , p 1 , . . . , p n−2 on C such that (p i , p i+1 ) = (9/8)12 i for i = 0, 1, . . . , n − 3.
Next, for some positive integer , consider around each point p i a disc D i of radius 12 − . Obviously, holds for each i = 0, 1, . . . , n − 3. Since each set T i is stretched, we have max (T i ) < (3/2)12 −1 . Note that T 1 is not trivial. Consequently, we may apply Lemma 9 repeatedly to find that T 0 ∪ T 1 ∪ · · · ∪ T i is a stretched set for every integer 1 i n − 2.
In particular, S is a stretched set of cardinality
Thus, S does not contain the order type T in Lemma 8. S does not contain n points in convex position either; this one can prove along the same lines the similar statement is proved in [11] . This completes the proof of Theorem 5.
Concluding remarks
We have seen that the analogue of the Erdős-Hajnal conjecture fails for order types in general. The order type T provided by Lemma 8 is not explicitly given, and is probably very large. It would be interesting to find a small explicit construction which does not possess the Erdős-Hajnal property.
We do not believe that Theorem 4 provides us with the complete list of order types that have the Erdős-Hajnal property; such a characterization appears to be very difficult. A complete description of the order types with the strong Erdős-Hajnal property also eluded us, but may be a good starting point for further research.
Finally we address the following question. Is it true, that if the order type T does not possess the Erdős-Hajnal property, then the function F T (n) is necessarily exponentially large?
